A method to solve the trajectory generation problem in redundant degree of freedom manipulators has been proposed, in which the variational approach and the B-Spline curve are introduced for minimization of the consumed electrical energy of a robot manipulator system. In the proposed method, the inverse matrix of Jacobian calculation is not required, and the minimal trajectory error is guaranteed while minimizing the consumed electrical energy. The theory, simulation, and experiments are presented in this paper.
Introduction
Several researches have been reported concerning the trajecto ry planning for redundant degree of motion freedom robot manip ulators [1] - [14] . Most of them are based on calculation of inverse kinematics considering a pseudo-inverse of Jacobian matrix and some criterion. For example, generalized inverse of Jacobian ma trix [1] , weighted pseudo-inverse [2] , and some others secondary criterion such as joint range limitations and singularity avoid ance [3] . A simplified method for calculation of the inverse kine matics including null space calculation and workspace observer is presented in [4] .
Other possible approach for trajectory planning is not to use the inverse matrix. A variational approach through the desired trajectory, in general, does not require the matrix inverse calcu lation. An optimization of integral cost function while satisfying a positional constraint and some others joint variable functions is presented in [5] . An optimal path planning using the minimal time criterion was proposed under B-Spline assumption of the Cartesian path in [6] . A new scheme based on the variational approach was proposed in (7] , in which the trajectory in the joint space is modeled as a B-Spline curve, and the performance index is straight-forwardly integrated through the desired trajectory of the end-effector. The difference of the paper from [5] is that the analytical solution through the trajectory is straightly obtained , because of the B-Spline assumption of the trajectory in the joint space, while in [5] the second-order equation for B, which includes the pseudo-inverse matrix of the Jacobian, must be solved for the determination of the optimal 9. In [6] , the B-Spline assumption of the Cartesian path was used for finding the optimal path with obstacles, however the redundancy was not considered.
In this paper the secondary criterion named sub-performance index and a auto-tuned weight parameter are proposed. The sub-performance index accomplishes the minimization of the in put electric energy of the robot system through the trajectory.
The introduction of the weight parameter allows optimal balance of each performance index and as a result, the end-effector posi tional error is minimized.
The proposed method has the simplicity in the calculation for the trajectory, and also it is easily implemented in the actual hardware because of the B-Spline expression in the joint space.
The large scale utilization of robots and others electro-mechanic equipments demands a large amount of electric energy. When the repeated movement in industrial jobs is considered, the minimiza tion of energy consumption will become significantly important. This is the main reason that the minimization of the electrical energy is examined in this paper.
The chapter 2 describes the variational approach applied to trajectory generation [7] . The chapter 3 shows the proposed per formance indexes and the method to optimize the input electric energy. Calculations and experiments using the proposed method for the three-axis redundant robot manipulator are described in the chapter 4. Using several test trajectories, the consumed ener gy of the three-axis robot was measured. The chapter 6 concludes this paper. In the case of the proposed method, 9 is an m-dimensional po sition vector in joint space and 9, 9 are subsequently derivatives .
The boundary conditions of the integral described in (1) are defined in accordance to the movement characteristics at initial and final state of the robot manipulator. The following boundary conditions are selected:
The initial and final values of velocity and acceleration are zero, so that the manipulator is at stand still at the starting and final points.
<2.2> Reference curve representation
When the trajectory reference is calculated with considerable precision, a large amount of data are required. Thus, to allow this precision with the less quantity of data, some function to represent the reference data is required. In this paper, the 3rd order B-spline curve is selected to represent the reference data.
By dividing the integration region of (1) to N small subdivi sions, 9 can be interpolated as a B-spline curve in each divided region ti < t < ti+i I(i=o ,i...... N-i) as follows:
9i is called control point at ti ire basic functions expressed as follow:
The subsequently derivatives of 9 (9 and 9) is obtained from:
The boundary conditions (2) are satisfied if the first three con trol points and the last three are fixed as follow:
By substituting B, b and 6 terms for control point variables,
(1) can be expressed as follows:
This equation can be calculated in a closed form because the integrand of (14) is a polynomial of s.
3.
Performance index
<3.1> Main performance index
The integrand of (1), usually called performance index, is trans formed in two functions:
where: f (B, t),g(8, B, B, t) are main and sub-performance indexes, and p(t)is the weight parameter.
The function f (B, t) is called main performance index, and it is a positional error function of the end effector between the reference and the actual position in the workspace coordinate. It is selected as follows:
where: Xr, f(t) represents the trajectory references and X(9, t) is the actual position in the work space.
<3.2>
Sub-performance index
The second term of integrand in (15), g(8, 0, 0, t) represents the sub-performance index. The variable p(t) represents the weight parameter and it will be discussed in section 3.3.
As a sub-performance index, the total electric energy of the robot manipulator is selected.
If a DC motor is used in each joint of the robot manipulator, the total electrical energy consumed in the robot manipulator is calculated as follows:
where: Et is the total electrical energy, ui and iai are the terminal voltage and current of each motor at the jth axis respectively. m is the total number of axis.
The electrical equations of DC motor drivers at the jth axis are written as follow:
The general dynamic equation of the robot manipulator is writ ten as follow:
where: J(8) is an inertia matrix, H(8, 6) is a matrix that includes viscous friction, and Coriolis and centrifugal terms, G (8) is the gravity term and T is an input torque vector of (19).
Putting (18) through (21) to (17), and grouping the terms yields the following equation concerning the total electrical ener gy:
where: The term p(t) in (15) is called the weight variable and it can control the balance of each performance index. This variable is auto-tuned during the optimization process regarding the posi tion error constraint of the end-effector. The absolute value of the weight variable may very small, because the units of the main performance index(unit of length square) and sub-performance index(unit of energy) are different.
The weight optimization is realized in the same role as the op timization of the main variational problem, but in addition, the constraint for limited positional error is introduced. This con straint is initially formulated using the main performance index described in (16) and it is written as follows:
The end-effector error constraint is forced to zero that means no position error.
Still it is not possible to reach such objective in numerical calculation, the following constraint is used for substituting of (24): where: a is a real number which is selected to allow trajectory gen eration with reasonable precision.
<3.4>
Minimization Algorithm
Considering (15), the variation which define the minimization vector can be formulated as follows:
where: 6 represents (8,6,6) and 0 is a vector which includes the joint vector and the weight variable. 0_??_[BT p]T After some transformations in (26) and using the B-Spline re lations (3), (8) , (9) and (14), (26) becomes:
The numerical calculation of the (15) is realized using (27) and the steepest gradient method. The steepest gradient method can be formulated as follows:
where: is is a diagonal matrix which is chosen so as to allow the convergence of updating process. 49Q.' I (2 < i < N 2) is the control point of the B-Spline.
Using the steepest gradient method and the proposed mini mization vector, the algorithm try to reach the absolute minimum of the variation.
The analytical solution for the absolute minimum of the pro posed variation was not obtained, since it is difficult to define the shape characteristic of the used performances indexes.
In the numerical solution, an additional algorithm is intro duced to search whether the obtained point is a local solution or not.
This algorithm is activated when the calculation of the minimal solution(absolute or not) is obtained. (Comment: This minimal solution is defined as the value when the variation does not show considerable decreasement after each calculation.)
The algorithm is shown in the following steps:
• Step 1: Find the Minimal of (15) using (27).
• Step 2: Check if the variation -e has considerable de creasement.
(e is a value near zero selected arbitrary.) else: Goto Step 3.
• Step 3: Lock around the found point to verify the minimum.
Goto to initial Step.
else: (ip, B, 8, 8) is the minimal solution.
With the described algorithm, the local minimum may be avoided but the absolute minimal location can not be theoret ically guaranteed.
The weight parameter p(t) is renewed by (28), only if (25) is not satisfied. By this algorithm, (25) is maintained and (15) is minimized.
It is clear that the inverse matrix calculation is not needed, which consequently makes the calculation very simple.
Simulations and Experiments on a redun dant manipulator <4.1> Model and Assumptions
The described method is applied to a three-axis manipulator with redundant degree-of-freedom as shown in Fig. 1 . L, r, M, J, and D are the length of arm, the center of mass of arm, the mass of arm, the inertia moment, and the friction constant, respec tively. R", K., and K: are a resistance, EMF constant, and torque constant. Kg is the gear ratio.
The iterative calculation stops when the renewal rate of the (28) is less than 1 x 10-5, that is:
where: E" is the value at n'5 calculation.
The value 1 x 10-5 of the renewal rate is selected considering the calculation time and the minimal acceptable precision in the obtained optimized solution. This value was defined by try-and error process.
The number of the control points of the trajectory reference in (3) was select such that at least lOms of sampling rate is maintained.
[16] For the following examples, the total time is ls. Thus, 13 control points are selected, and 10 points between the nearby control points are interpolated by B-Spline function.
The proposed method is examined and compared using several test trajectories.
The obtained trajectory is compared with a non-optimized tra jectory which is calculated using the proposed variational ap proach without use of the sub-performance index. Fig. 2b shows the manipulator movement for the proposed method with optimization. From this result it can be seen the less movement of the 9 axis than in the case without optimization. The movement of the motor-driver that expends more energy is minimized and the movement is compensated using the others axis.
The total electrical input energy to be consumed by the ma nipulator can be precisely calculated by (22). Thus, the total consumed energy is calculated and compared with and without optimization for 01 line, and the result is shown in Fig. 3 . The result of optimized weight parameter for q1 line trajecto ry is shown in Fig. 4 . As described in section 3.3, the weight parameter accomplishes the minimization of the position error in work-space coordinate. The total consumed energy is compared with and without op timization for ~2 line, and the result is shown in Fig. 7 . Fig. 8b shows the optimized movement for (~ 3 circle). The total consumed energy is compared with and without op timization for q3 circle, and the result is shown in Fig. 9 . Fig, 9 : Energy consumption for 03 circle
The joint positions for g'3 circle trajectory are shown in Fig.   10a through Fig. 10c . The trajectory references generated by the proposed method are tested on a four-axis manipulator using the upper three-links.
The experimental robot manipulator is shown in Fig. 13 .
Each joint of the manipulator is driven by a DC servo motor with a 1/100 reduction gear. The characteristics of each motor and each arm are shown in Table I In the proposed new method for trajectory generation, the total consumed energy was minimized as expected. The exper iment results show significant reduction in energy consumption. In the early proposed method 114), the minimization of both per formance index (16) and (23) generated the end-effector position error to some extent. Specially a large position error occurred at the final point of the trajectory.
The new approach using an auto-tuned weight coefficient p resented good performance in limiting the trajectory error in a tolerable range.
However, from the view point of the energy consumption min imization, both approaches resulted in the almost same energy saving.
The trajectory calculation using the proposed method is real ized in a Pentium 120MHz Personal Computer Machine (PC-IBM Type) running Free-BSD-Unix operational system. The calculation time for each trajectory has closed relation to the number of used control points and to the renewal rate value.
For example, in the case of the #1 line using 10 control points and 1 x 10-5 of renewal rate, the calculation of the trajectory expends 7.51 seconds of machine time.
The calculation time of 43 circle with the same constraints of #1 line calculation is 5:07 minutes. 6 . Conclusion
An off-line trajectory reference generation for redundant de gree of motion freedom robot manipulators without the use of inverse Jacobian matrix was proposed, in which a variational ap proach was employed with two kinds of performance indexes. As a result, the trajectory error and the total consumed energy were minimized.
Through simulations and experiments it was verified that the total electrical energy for the given trajectory of the manipulator was minimized by the proposed method. The proposed algorithm is simple, and useful for the practical applications. 
